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Abst rac t - -A  connected hypergraph H has a tree structure, i.e., H is a hypertree, if the removal 
of any edge from H results a disconnected hypergraph. The structure of hypertrees i  described and 
its cycles are classified. Conditions atisfied by the dual and the transversal of hypertrees are defined 
and the conformality of hypertrees i  described. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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The set systems (hypergraphs) play an important role in optimization problems. In this note, we 
consider a special set system called hypertrees, i.e., hypergraphs which have the tree structure. 
A connected hypergraph H is a hypertree, if the removal of its any edge results a disconnected 
hypergraph or if H is a hypergraph containing a single vertex. As we shall see, a hypertree can 
contain cycles and only very few properties are common to trees (of graphs) and hypertrees; one 
of the common properties is that  every hypertree is bicolourable. As the main reference, we have 
used Berge's book on hypergraphs [1]. 
Let H -- (X, C) be a hypergraph with X as its set of vertices and E as its set of edges. The 
sets in the set (family) E are nonempty subsets of X. Moreover, if E~ C Ej ,  then Ei = Ej, i.e., 
the hypergraphs considered here are simple unless, otherwise, mentioned. A chain of length q in 
a hypergraph H is a sequence XlElx2E2x3... xqEqxq+l such that  
- all the vertices x l , . . .  ,xq+l except Xl and Xq+l are distinct, 
- all the edges El , . . . ,  Eq are distinct, 
- xi, xi+l EE i fo ra l l i= l , . . . ,q .  
If q > 1 and Xl = Xq+l, the chain XlElX2...xqEqXq+l is called a cycle of length q. A hy- 
pergraph H is connected if for any two vertices a, b E X there is a chain joining the ver- 
tices a and b (an a -b  chain). The hypergraph H = (X,C) with X = {a, b, c, d, e, f}  and 
with E={E1 -- {a, b, d}, E2 = {b, c, e}, E3 = {d, e, f}} is a hypertree containing an odd cycle 
dElbE2eE3d, which shows that  a hypertree need not be a balanced hypergraph. Clearly, a 
hypertree with at least two vertices cannot contain edges of single vertices. 
Let H -- (X,C) be a hypertree and E its arbitrary edge. Denote by H1,H2,...,Hm the 
maximal connected components of H \ E obtained by removing the edge E from H. Clearly, 
every hypergraph Hi with i = 1 , . . . ,  m is a hypertree. 
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A collection C={C1, C2, . . . ,  Cm} of cycles of a hypergraph is dense (or dense with respect o 
an edge E), if there is an edge E such that every two vertices of E are on some cycle C of C. 
The next theorem gives a characterization f hypertrees. 
THEOREM 1. A connected hypergraph is a hypertree if and only if it does not contain any dense 
collection of cycles. 
PROOF. Assume first that H is a hypertree containing a dense collection C -- {C1, . . . ,  Cm} of 
cycles with respect o an edge E. Remove the edge E from H and consider an arbitrary pair a, b 
of vertices of H. If the a - b chain in H does not contain the edge E, there is nothing to prove, 
and hence, we assume that an a - b chain contains E in H as follows: a. . .  cEd . . ,  b. Because g 
is a dense collection of cycles with respect o E, there is for any two disjoint vertices x, y E E 
an x - y chain in H \ E, too. Thus there is a c - d chain in H \ E, and consequently, an a - b 
chain as well. But then H \ E is connected, which is a contradiction, and thus a hypertree cannot 
contain a dense collection of cycles. 
Conversely, let H be a connected hypergraph aving no dense collection of cycles. If the removal 
of an edge E from H disconnects H, the removal of E disconnects at least two vertices x and y 
of E. Remove an edge E from H and consider two vertices a, b E E. If there is an a - b chain 
in H \ E for every two vertices a, b c E, then these chains in common with E constitute a dense 
collection of cycles with respect o E in H. This is a contradiction, and thus the hypergraph H\E  
is disconnected for every E of H, and the hypertree property of H follows. 
A set I C X in a hypergraph H = (X, £) is called independent if it contains no edge E with 
IF[ > 1. The chromatic number x(H)  is the smallest number of colours needed to colour the 
vertices of H such that no edge E of H with IF[ > 1 has all its vertices with the same colour. 
Clearly, every colour class in a colouring is an independent set. A q-colouring of H is a partition 
of X into q independent sets I1, . .  •, Iq. 
THEOREM 2. A hypertree is bicolourable. 
PROOF. Let H = (X, £) be a hypertree with E E £. If a hypertree contains a single edge, it is 
obviously bicolourable. Assume now that every hypertree with [£] < n is bicolourable, and let H 
be a hypertree with [£]--n _> 2 and E E £. The maximal connected subhypergraphs H I , . . . ,  Hm 
of H \ E are hypertrees or set systems of single vertices, and thus every Hi, i = 1 , . . . ,m 
is bicolourable. If the vertices of E in H1, . . . ,  Hm have all the same colour, we can change 
the colouring of one subhypergraph, say HI,  to the opposite one, and then the colourings of 
H1,. • •, Hm show that H is bicolourable. This completes the proof. 
A strong k-colouring of a hypergraph H = (X, £) is a k-partition ($1, $2 , . . . ,  Sk) of X such 
that no colour appears twice in the same edge E of H (i.e., [E N Si[ _< 1 for i = 1, 2 , . . . ,  k). The 
following theorem gives a connection between trees (in graphs) and hypertrees. 
THEOREM 3. A hypertree H can be interpreted as a tree if and only if H has a strong two- 
colouring. 
PROOF. Let H = (X, £) be a hypertree having a strong two-colouring. If IX[ = 1, there is 
nothing to prove. If IX[ _> 2, the strong two-colouring implies that each edge E of H contains at 
most two vertices and since H cannot contain edges of single vertices, each edge contains exactly 
two vertices, and thus H can be interpreted as a graph, in which the removal of any edge results 
a disconnected (hyper)graph. Thus H is a tree. Clearly, a hypertree, which is a tree, admits a 
strong two-colouring. 
In a tree (in graphs), when two or more edges have a common vertex, the subgraph induced by 
the vertices of these edges is called a star. There are two kinds of stars in hypertrees: ordinary and 
special. A star is ordinary, if the intersection of all edges in the star have a nonempty intersection 
(like in trees), and it is special, if the intersection of any two edges of the star is nonempty but 
the intersection of all edges of the star is empty. The special stars can be classified according to 
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their intersection property: a special star is a (special) h-star if the intersection of all h edges of 
the star is nonempty. Note that a two-star is not an ordinary star and that an h-star with h _> 3 
is also an (h - 1)-star. On the other hand, the intersection property of special stars implies that 
every special star contains at least three edges and at least one cycle. Thus the hypertrees can 
be classified into three classes: 
(1) hypertrees with special stars; 
(2) hypertrees containing cycles but no special star; 
(3) hypertrees without cycles: 
The hypertrees of the third class have very many properties common with trees, and thus 
they are rather uninteresting. A hypertree from the second class is H ~- (X, $), where X = 
{a,b ,c ,d ,e , f ,g ,h}  and g = {El = {a,b,c},E2 = {c,d,e},E3 = {e , f ,g} ,E4  = {g,h,a}}; this 
hypertree contains the cycle aElcE2eE3gE4a, but no special star. The hypertree H = (X, g) 
with X = {a, b, c, d, e, f} and with $={E1 = {a, b, d}, E 2 = {b, c, e}, E3 = {a, c, f}} is a special 
star (a two-star), and it contains the cycle aElbE2cE3a. A star is nontrivial, if it contains at 
least two edges. 
The diameter diam(H) of the hypergraph H is the length of any longest shortest chain in H. 
THEOREM 4. A hypertree H is a nontrivial star if and only if the diameter of H is 2. 
PROOF. Clearly, if H is a star containing at least two edges, the diameter of H is 2. Conversely, 
let H he a hypertree with at least two edges and diam(H) = 2. If H does not contain any 
cycle, H is an ordinary star, and thus we assume that H contains at least one cycle. If the cycle 
contains at least two nonintersecting edges, the diameter of H is at least 3; otherwise, every two 
edges of H intersect, and H is at least a two-star. 
The dual H* of a hypergraph H = (X,$) with $ = {El, E2 . . . . .  En} is a hypergraph whose 
vertices el, e2 . . . .  , e~ correspond to the edges of H, and with edges Xi = {ej I xi c Ej in H}. 
The dual hypergraph is called condensed, if the edges Xi and Xj are identified, when Xi -- Xj. 
The dual of a (graph) tree is easily characterized, because ach vertex of a tree is either a cutpoint 
or an endpoint. A vertex a of a hypergraph H is an endpoint if there is in H an edge, the removal 
of which makes a an edge of a single vertex. The following theorem characterizes the duals of 
hypertrees. 
THEOREM 5. A connected (not necessarily simple) hypergraph H is the condensed ual of a 
hypertree T if and only if any vertex e of H satisfies either (i) or (ii) below: 
(i) {e} is an edge of H; 
(ii) the removal of e from H results a disconnected hypergraph. 
PROOF. Assume first that H is a condensed ual of hypertree T and e is a vertex of H such 
that {e} is not an edge of H. Since T is a hypertree there exists two vertices Xo, X1 of edge e 
of T such that e exists on every chain of T from X0 to X1. 
Since {e} is not an edge of H but X0 and X1 are, there exist two vertices (different han e) 
e0 E X0 and el E X1 of H. Moreover e0 and el are different vertices, because otherwise, XoeoXl 
is a chain of T without an edge e. There does not exist a chain of H from e0 to el without 
a vertex e of H, because, otherwise, we obtain a chain of T without the edge e by adding the 
vertex X0 to the beginning and the vertex X1 to the end of the chain. Hence, the removal of e 
from H results a disconnected hypergraph. 
Assume that a connected, not necessarily simple, hypergraph H satisfies Conditions (i) and (ii) 
of the theorem. Let T be a hypergraph, whose vertices X1,. •., Xn correspond to the edges of H 
and with edges ei = {Xj [ ei E Xj in H}. The hypergraph T is connected, because H is 
connected. By (ii) T is simple. Let e be an edge of T. If a vertex e of H satisfies (i), then 
the edge e of T contains an endpoint. If e satisfies (ii), then there exist two different vertices e0 
and el of H both different from e such that any chain of H from e0 to el contains the vertex e. 
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Hence, if X0 and X1 are vertices ofT ,  X0 E e0, and X1 E el, then any chain o fT  from X0 to X1 
contains the edge e. Then the hypergraph T \ {e} is disconnected for any edge e of T. This 
implies that T is a hypertree and H is a condensed ual of T. 
A hypergraph H = (X, C) is k-conformal if and only if for any set C ~ of k + 1 edges from C 
there exists an edge of H containing each vertex of each intersection of k edges of C ~. By 
[1, Theorem 15, p. 31], this definition of k-conformality is equivalent to the ordinary one given 
in [1]. 
Let Sh be a star (special or ordinary) containing the edges ESl, Es2,. . . ,  Esm in a hypertree H. 
An edge E of Sh is the h-center of Sh if E contains each vertex of each nonempty intersection 
of h edges of Sh. Let p -- maxH{h ]S is an h-star of the hypertree H}. We call a hypertree H
p-centered if each (special) h-star of H with h edges and each ordinary star with h + 1 edges has 
an h-center, h = 2, . . .  ,p. As well known, a family of subtrees of a (graph) tree has the Helly 
property. This is not case of hypertrees. The conformality and the Helly property are closely 
related. The next theorem describes the k-conformality of hypertrees. 
THEOREM 6. A hypertree H = (X, E) is p-centered if and only if H is p-conformal. 
PROOF. Assume first that H is p-conformal and then also h-conformal for all h = 2, 3 , . . . ,  p - 1. 
Then H is p-centered by the definition of k-conformality. 
Assume conversely that H is p-centered and let S be a set of h + 1 edges, h < p. If each 
intersection h edges of S is nonempty, then the h-center of S is the edge of the definition of the 
h-conformality. If there exists at least one empty intersection of h edges of S, the edge E of S 
not in that intersection contains every nonempty intersection of h edges of S, and thus, E is the 
edge required in the definition of h-conformality. Thus in every case the definition is satisfied, 
and the theorem follows. 
A hypergraph H -- (X, C) is called a weak hypertree, if the removal of all the vertices of any 
nonempty intersection Ei N Ej with i ~ j and Ei, Ej E E results a disconnected hypergraph. A
weak hypertree is not necessarily a hypertree. For example, the graph with vertices {a, b, c, d, e} 
and edges {a, b}, (a, c), {b, c}, {a, d), {b, e}, {c, f} is a weak hypertree, but not a hypertree. On 
the other hand, a (special) two-star with three edges is a hypertree but not a weak hypertree. 
Clearly, a graph defined above is not a bicolourable and thus the weak hypertrees need not be 
bicolourable. A star S with lines E l , . . . ,  Em is called k-branched, k _> 2, if the removal of all 
vertices of the set K = U{Ei A Ej  I i ~ j and i , j  = 1,. . . ,  m} results a disconnected hypergraph 
with exactly k connected subhypergraphs. The weak center of S is the set K. 
THEOREM 7. A (simple) hypergraph H is a weak hypertree if and only if any nonempty inter- 
section of two edges contains a weak center of at least two-branched star. 
PROOF. If H is a weak hypertree, then any nonempty intersection of two edges obviously contains 
the weak center of an (at least) two-branched star. If, conversely, the nonempty intersection of 
any two edges contains the weak center of an at least two-branched star, then the removal of the 
points of this intersection results a disconnected hypergraph, and thus H is a weak hypertree. 
Let H = (X,C) be a hypergraph. A set T C X is a transversal of H i fT  meets all the 
edges of H, i.e., T N E ~ 0 for each E E C. The coefficient ~-'(H) is the largest cardinality of a 
minimal transversal of H. Clearly, zt(H) <_ [C[. The following theorem follows directly from the 
definitions. 
THEOREM 8. Let H = (X,C) be a hypergraph. H is a hypertree, where each edge contains an 
endpoint, if and only if T'(H) = [£[. 
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